Abstract. A self-map f on the CW complex Z is a periodic homotopy idempotent if for some r 0 and p > 0 the iterates f r and f r+p are homotopic. Geoghegan and Nicas defined the rotation index RI(f ) of such a map. They proved that for r = p = 1, the homotopy idempotent f splits if and only if RI(f ) = 1, while for r = 0, the index RI(f ) divides p 2 . We extend this to arbitrary p and r, and generalize various results related to the splitting of homotopy idempotents on CW complexes and conjugacy idempotents on groups.
Introduction. Periodic homotopy idempotents
Let p be a natural number. In any category, it makes sense to call the morphism f : Z → Z a p-idempotent if the iterate f p+1 is equal to f . There is a distinguished class of p-idempotents Z → Z, namely those that factor as f = u • d for some morphisms d : Z → Y and u : Y → Z satisfying (du) p = id Y . These are called split p-idempotents, and any factorization f = ud with this property is called splitting. Note that the isomorphism class of Y is unique in this case. When emphasis is required, we call 1-idempotents ordinary idempotents. Note that if f is a p-idempotent, then f splits if and only if f = ud with du an isomorphism.
The categories we are interested in here are those of groups (with morphisms conjugacy classes of group homomorphisms) and of CW complexes (with morphisms free homotopy classes of continuous maps).
If f : Z → Z is an ordinary homotopy idempotent on the connected CW complex Z (this is to say f 2 is freely homotopic to f ), then the induced morphism on the fundamental group φ = f # : π 1 (Z) → π 1 (Z) is an ordinary conjugacy idempotent (i.e. φ 2 is conjugate to φ). Freyd and Heller ( [4] , Main Lemma) have shown that f splits up to homotopy if and only if φ splits up to conjugacy. Moreover, this happens if and only if the kernel of a certain universal morphism κ φ : F → π 1 (Z) from the Thompson group F has nontrivial kernel (see Brown and Geoghegan [3] ).
In [6] Geoghegan and Nicas have given another necessary and sufficient condition for an ordinary homotopy idempotent to split, in relation with their one-parameter fixed point theory on mapping tori (see [5] , §6). We need a definition.
Let T f → T f denote evaluation at ζ 0 . Denote the composite
Identifying π 1 (S 1 , 1) with the integers Z via degree, P f induces a morphism P f # : Γ f → Z. Each element of Γ may be represented (when the topology on Z is reasonable) with a cyclic homotopy h : T f × I → T f , i.e., one beginning and ending in the identity. Evaluation then corresponds to taking the trace of the homotopy, i.e., the path t → h(ζ 0 , t). The rotation index (Geoghegan and Nicas, [5] ) RI(f ) of the self-map f is the least positive integer in the image of P f # . If P f # is trivial, we set RI(f ) = ∞.
Geoghegan and Nicas have shown that an ordinary homotopy idempotent f : Z → Z on the connected CW complex Z splits if and only if RI(f ) = 1. An obvious problem is to find a characterization of RI(f ) = q for any q. If for some r 0 and p > 0 the iterates f r and f r+p are homotopic, the self-map f is called a periodic homotopy idempotent. On nice spaces (e.g., compacta), RI(f ) = q implies f [6] and in conjunction with Corollary 3.3 answers all questions of [6] , Introduction. (See also [5] , §6, page 35.) Moreover, in Theorem 4.3 below we characterize a finite rotation index by means of a universal morphism from a generalized Thompson group. Theorem 1.1 depends on the investigation of split p-idempotents in section 2. In section 3 we list the basic properties of the rotation index, particulary in relation to eventual coherence where we point out an error in [5] . In section 4 we focus on periodic conjugacy idempotents. Section 5 contains the lengthier proofs.
Split homotopy and conjugacy p-idempotents
As for p = 1 (Freyd and Heller [4] , Main Lemma), the question of splitting homotopy p-idempotents on CW complexes can be reduced to groups. Thus we turn to groups and consider an endomorphism f : G → G on the group G. For α in G we let f α denote the conjugate of f by α. Also, for elements ξ and η
The defining relations imply φ p+1 = φ x 0 which is to say that φ is a conjugacy p-idempotent.
This means that as for p = 1, the p-idempotent φ is universal (cf. Brown and Geoghegan [3] , Proposition 1.1). Moreover, as for p = 1 (cf. Freyd and Heller [4] , Main Theorem), φ is the universal nonsplitting p-idempotent. To wit, we prove
The following are equivalent:
The case p = 1 is somewhat special in that there are critical points in the slick arguments of Freyd and Heller [4] that do not carry over to the case p > 1. So Theorems 2.1 and 2.3 are proven here using a different, geometric, approach.
Corollary 2.4. (i) Let f be either a homotopy or a conjugacy p-idempotent. Then f splits if and only if f p splits as an idempotent. (ii) Every homotopy p-idempotent on a finite-dimensional CW complex splits.
Proof. For (i) it suffices to consider groups, by virtue of Theorem 2.
0 is the normal form for [x 0 , x p ]; see Lemma 5.5 below), and f splits. As every ordinary homotopy idempotent on a finite dimensional CW complex splits (cf. Hastings and Heller [7] ), (ii) follows from (i).
Properties of the rotation index. Eventual coherence
The rotation index does not depend on the choice of base-point z 0 in Z; see [6] , Proposition 1.2. We recall the basic result on homotopy invariance. Let W be a path-connected space that is homotopy equivalent to the CW complex Z, and let g be a self-map on W . By Proposition 3.1, RI(g) = RI(g ) for an obvious self-map g on Z. If z 0 ∈ Z is any point, then g is homotopic to some f with f (z 0 ) = z 0 . Again, RI(g ) = RI(f ). Thus for our purposes it suffices to focus on base-point preserving self-maps on CW complexes.
The notion of eventual coherence of periodic homotopy idempotents has been introduced by Geoghegan and Nicas (see [5] , Section 6, as well as [6] ).
Definition.
A self-map f on the path-connected space Z is an eventually coherent periodic homotopy idempotent if, for some i 0 and q > 0, there is a homotopy
The period of f is the least q for which there exists an i with the above property. If such an i does not exist, we let the period be infinite in accordance with inf ∅ = ∞.
The following proposition is the content of [5] , Theorem 6.3. [6] ). Let f be a self-map on the connected space Z. Example. In [5] , Theorem 6.3 (and [6] , Proposition 1.5) the authors claim that for any space Z and any self-map f the period and rotation index coincide, although at some point their proof requires compactness. The following is a counterexample. The idea is that in general RI(f ) < ∞ does not imply that the period is finite.
Proposition 3.2 (Geoghegan and Nicas
Let n 2 and construct the Eilenberg-MacLane complex K(Z, n) with basepoint ξ.
Evidently f
. On π n ∼ = Z p+ip , the induced morphism f i * permutes the 'first' p generators, and acts nilpotently with order ip on the 'remaining' ip generators. Therefore clearly f
i for j 1 < j 2 implies j 1 ip and j 2 − j 1 = kp for some positive k. In particular, the period of f i is p.
Since f i fixes the base-point (ξ, . . . , ξ) = {ξ} p+ip , the f i induce an obvious self-
Note that f cannot be a periodic homotopy idempotent. Letf i denote the induced map on the mapping torus T f i . Evidentlyf
ip of the corresponding 'tumbles' (see the notes before Lemma 5.6) is a cyclic homotopyh i : T f i × I → T f i of rotation degree p (see also the discussion in [5] preceding Theorem 6.3). We want to glue these to get a cyclic homotopy h : 
The h i together define a cyclic homotopy T f × I → T f of degree p. The self-map f is not a periodic homotopy idempotent but has RI(f ) = p, contradicting Theorem 6.3 of [5] .
It seems hard to get a grip on the period for noncompact spaces. The rotation index is easier to deal with and adequate for comparison with splitting phenomena.
Periodic conjugacy idempotents
We consider the following generalization of the Thompson group F p : denote the universal morphism. As f is also a p-idempotent, it has a universal morphism F p → F p,r in the sense of Lemma 2.2. It is precisely κ p,r which is injective. As κ f = κ p,r q p,r , the kernel of κ f equals that of q p,r , and is nontrivial.
Proofs
Let f : Z → Z be a self-map. The mapping telescope Tel f of f is the quotient space of the disjoint union n∈Z Z × {n} × [0, 1] modulo the relations (z, n, 1) ∼ (f (z), n+1, 0). We use [z, n, t] ∈ Tel f for the point represented by (z, n, t). Another frequently used telescope is the subspace Tel For f : (X, x 0 ) → (Y, y 0 ) and generic k 1 we denote the induced morphism on homotopy groups as f * : π k (X, x 0 ) → π k (Y, y 0 ). When the fundamental group is emphasized, we use f # : π 1 (X, x 0 ) → π 1 (Y, y 0 ).
Our first goal is to prove Theorems 2.3 and 2.1. The first two auxiliary results will also be applied later on in the proof of Theorem 1.1. 
for all r r 0 and all λ 0. Then for every k 1 the restriction Next we show that d * is surjective. Pick an element ξ of C k . It is represented by an element γ ∈ G µ k for some µ . Let r 0 , q, and η be as in the statement of the proposition. There is an r r 0 such that µ = µ + r = λq for some λ. Then ξ is also represented by f
an isomorphism and the factorization of f through its telescope Tel
and rewrite ( †) as
This shows that the restriction of d * to the image of f * is surjective onto C k . In particular, the morphism ( ) is an isomorphism, as claimed.
The resulting short exact sequence 1
Thus f * = u * d * = u * hf * which is to say that u * h is the identity on imf * . Then
is also an isomorphism. By Whitehead's theorem, the composite du : Tel 
Realizing a group morphism as a map between Eilenberg-MacLane spaces we immediately deduce from Proposition 5.2 and the addendum the following. 
Proposition 5.4. Suppose g : G → G is an endomorphism of groups which is a
Proof. First we compute
. Using this in ( * ) we express
, which proves the assertion for η = h p−1 (β). 
Lemma 5.5 (Normal forms). Any x ∈ F p can be written in the form
be the normal form for x (see Lemma 5.5) Proof of Theorem 2.3. Let g : G → G be a conjugacy p-idempotent, g p+1 = g β . To prove that (i) implies (ii), assume that g splits. This is to say that g is conjugate to ud, say g = (ud) α , with du an isomorphism. Then g = u α d and 
and on the other hand,
Thus the actions of β and g(β) by conjugation on img 2 = img coincide. In particular, β and g(β) act in the same way on g(β), i.e., they commute.
Evidently ( It is evident upon inspection that α • τ 1 = τ r • α. It is easy to see that α and β are mutually inverse homotopy equivalences. In particular, the composite βα is equivariantly homotopic to the identity on Tel f r . Proof. First we define a map from the mapping torus of f to that off ,
